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Use of variable sweep for breakdown control was demonstrated
for a pitchingdelta wing. Oscillationsof sweep angle with the same
frequencyas pitchingwere considered,butwith a phaseangle.It was
shown that, at an optimum phase angle, the amplitude of the varia-
tions of breakdown location becomes a minimum. For the optimum
phaseangle, the amplitudeof the swirl angledecreasesconsiderably.
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Approximating Collisional
Freestream Attenuation

at Transitional
Knudsen Numbers
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University of Michigan, Ann Arbor, Michigan 48109

Nomenclature
C1 = arbitrary constant
F = velocity distribution function
f = normalized velocity distribution function
I = total number of scattered molecules
k = Boltzmann constant 1.38 £ 10¡ 23 J/kg K
L = collision interaction length, m
m = mass of molecule, kg
nm = measured number density, m ¡ 3

n1 = number density of class 1 molecules, m ¡ 3

n2 = number density of class 2 molecules, m ¡ 3

n1o = number density of class 1 molecules at plate surface, m ¡ 3

n2o = number density of class 2 molecules in freestream, m ¡ 3

q = dynamic pressure, Pa
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Tp = plate surface temperature,K
uo = bulk velocity of freestream, m/s
vn = velocity normal to plate surface, m/s
x = streamwise position coordinate, m
d = Dirac function
j = pressure amplitude constant [Eq. (13)]
k = mean free path, m
r 12 = total collision cross section, m2

U (x)
i = incident ¯ ux of quantity x

U (x)
r = re¯ ected ¯ ux of quantity x

Introduction

W HEN a body such as an instrument package is immersed
within a rare® ed ¯ ow® eld, the inevitable result is distortion

of the freestream.This perturbationis a formidable stumblingblock
for code developers seeking reliable experimental data for compar-
ison with ¯ ow® eld predictors. A special interest of late has been
the determination of the true freestream dynamic pressure for an
exoatmospheric plume. This effort has been inspired by the desire
to create an accurateplume ¯ ow® eld predictor for the Space Shuttle
Orbiter’s primary reactioncontrol thrusters.1 Current codesproduce
a spatialmap of dynamic pressure.Validationof the codes must rely
on an accurate means of determining the undisturbed freestream
dynamicpressurefromexperimentaldata for comparison.Although
this problem is closed for a continuum case via the Rayleigh±Pitot
formula, the extreme low density inherent to an exoatmospheric
plume renders this treatment invalid because the thickness of the
shock layermay be many times larger than the body immersed in the
¯ ow.

Analytical Model
The basic approach taken to solve this problemwas to analyze the

interaction between two separate streams of molecules. Molecule
class 2 represents the undisturbed freestreamof the thruster plume;
molecule class 1 represents the molecules that previously have im-
pactedtheplateandhavebeenre¯ ectedfromits surface.The positive
x direction is taken toward the plate, parallelwith the freestreamve-
locity. The location of x = 0 corresponds with the outermost edge
of the de® ned collision zone, with x = L coincident with the plate
surface. The assumptions utilized in the model are presented here a
priori and will be referenced throughout the solution.

1) The directed bulk ¯ ow velocity is high in comparison with the
randomthermalvelocitywithin the freestreammolecules(very large
speed ratio). A Dirac probability density function will preselect
molecules with this limiting velocity while not allowing molecules
with any other speeds: F2 = n2 d (vz) d (vy ) d (vx + u0).

2) Molecules impacting the plate are fully accommodated and
reemitted in thermal equilibrium with the plate (diffuse re¯ ection).
The result of this assumption is that molecules re¯ ected from the
plate will have a half-Maxwellian distribution, F1, at temperature
Tp and density n1o .

3) The velocity of class 2 molecules is much greater than that
of class 1 molecules. This assumption requires the velocity of the
freestream molecules to be much greater than the thermal speed
of the Maxwellian plate molecules. Utilizing assumption 1, this
requires u0 À (kTp / p m)1/ 2.

The remaining assumptions (presented below) pertain to the in-
termolecular collision phenomena of the transitional ¯ ow regime.
In this regime the theory takes on the form of a First-Collision
Theory, accounting for some molecular collisions while neglecting
other collisions.In this First-Collision treatment of the problem, the
following assumptions were made:

4) Intermolecular collisions are characterized by hard-sphere
interactions.

5) Class 1 moleculesare collisionlesswith respect to other class 1
molecules.Similarly,class2 moleculesarecollisionlesswith respect
to other class 2 molecules. The only collisions of signi® cance are
those arising between class 1 and class 2 molecules.

6) Any collision between a class 1 and a class 2 molecule causes
both molecules to be scatteredsuch that neither molecule intersects
with the plate surface. In addition, these scattered molecules do not
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undergoany collisionswith other class 1 or class 2 molecules prior
to escaping from the analyzed volume.

7) The intermolecular collisions occur within a de® ned shock
layer in front of the plate rangingfrom the plate surface to a distance
L in front of the plate.

The ® rst step in solving this problem is to analyze the effect of
intermolecular collisions between the two streams of molecules.
The total number of molecules scattered by collisions at position x
is given by

I (x) = 1
2
r 12uon1(x)n2(x) (1)

Using the concept of mean free path,2 one can calculate the decay
of the number densities due to collisions. The fraction of class 2
molecules that survivesa distancex without undergoinga scattering
collision is given by the well-known survival equation

n2(x)

n2o
= e ¡ (x / k )

(2)

A similar expression can be written for class 1 molecules with a
simple coordinate transformation,with the result that

n1(x)

n1o
= e(x ¡ L )/ k (3)

where L is the distance in front of the plate over which intermole-
cular collisions occur. The total number of molecules that undergo
a scattering collision during the interaction now can be integrated
from Eq. (1) because we know the number densities as a function
of x :

Iscat =
1

2
r 12uo * L

0

n1(x)n2(x) dx

=
1

2
r 12uon1on2oLe ¡ (L/ k ) (4)

We now have a closed-form relation for the total ¯ ux of scattered
molecules over a ® nite interaction length L. Note in the preceding
integral that the mean free path k was assumed to be constant. In
reality, because the number densities change with x , the mean free
path also will be a function of x . However, as a ® rst-order analysis,
the mean free path is approximatedas constantandequal to the mean
free path between the undisturbed freestream and the undisturbed
re¯ ected molecule ¯ ux.

Now that we know the total ¯ ux of scattered molecules from
Eq. (4), we can employ assumption 6: All scattering collisions will
cause both molecules to miss the plate and hence be removed from
ouranalysis.The total¯ uxofmoleculesthat reachestheplatesurface
is then the difference between the freestream ¯ ux and the scattered
¯ ux: Imeas = I2o ¡ Iscat. The freestream molecule ¯ ux takes on a
simple formbecauseof ourassumptionofa Diracprobabilitydensity
function, namely I2o = n2ouo. So the measured ¯ ux becomes

Imeas = n2ouo[1 ¡ 1
2
r 12n1o Le ¡ (L / k )] (5)

Because of assumption 6, the only molecules reaching the plate
surface will be those class 2 (freestream) molecules that have not
undergone a collision. Because these molecules have not collided
with other molecules, their probabilitydensity functionwill remain
the unaltered freestream Dirac function. So the ¯ ux of molecules
reaching the plate, Imeas , is simply nm uo. We now have the condition
that

nm = n2o[1 ¡ 1
2
r 12n1o Le ¡ (L / k )] (6)

where the mean free path k is given by

k = ¡
1

r 12n1o

(7)

Utilizing this de® nition of k and rearranging Eq. (6), we obtain

nm / n2o = 1 ¡ (1/ 2 k )Le ¡ (L / k ) (8)

Equation (8) gives the ratio between the number density reaching
the surface and freestream density. The only problem with closing
the equation is the unknown quantity n1o , the number density of
particles leaving the plate surface, which is required to specify k .
However, a relation can be derived for n1o by considering the mass
¯ ux at the plate surface.

The mass ¯ ux incidentto theplate surfaceagainhasa simple form
owing to the Dirac distribution function of the particles reaching
the plate, U (m)

i = mnm u0. The mass ¯ ux re¯ ected from the plate
is slightly more complicated but can still be evaluated analytically
because of our assumption of full accommodation:

U (m )
r = mn1o Ï kTp /2 p m (9)

Under equilibrium conditions it is safe to assume that the incident
mass ¯ ux is equal to the re¯ ected mass ¯ ux. Utilizing this relation
gives us a closed form for n1o:

n1o = nm uo Ï 2 p m/ kTp (10)

We now have a closed expressionfor the ratio between the measured
and freestream number densities as a function of known quantities
by substituting Eq. (10) into Eq. (8):

nm / n2o = 1 ¡ 1
2
r 12nmuo Ï (2 p m/ kTp)Le ¡ L r 12nm uo p 2p m/ kTp (11)

A more interesting quantity to look at is how this reduction in
freestream particle ¯ ux affects the pressure imparted to the plate
surface. The pressure at the plate is not entirely speci® ed by the
incident momentum ¯ ux mnmu2

o . Because of our assumptionof full
accommodation, there is a second component of momentum in-
duced by the reemission of the molecules: The molecules impart
momentum to the plate when they hit and stick to the surface, then
impart more momentum when they are reemitted from the platewith
a half-Maxwelliandistribution.The pressure on the plate is the sum
of these two momentum ¯ uxes. The ¯ ux of incident normal mo-
mentum is given by U (mvn )

i = mnm u2
o . The re¯ ected component of

normalmomentum¯ ux is a bitmore complicatedby the Maxwellian
distributionof the reemitted molecules, but it still can be integrated
analytically:

U (mva )
r = 1

2
n1okTp (12)

The re¯ ected momentum ¯ ux involves the re¯ ected number density
n1o; however,we derivedanexpressionfor thisquantityas a function
of nm when we required the net mass ¯ ux at the plate to be zero
[Eq. (10)]. Utilizing this relation,

U (mvn )
r = 1

2
nm uo Ï 2 p mkTp (13)

The pressure measured at the plate surface is the sum of incident
and re¯ ected momentum ¯ uxes

Pm = mnmu2
o + 1

2
nm uo Ï 2 p mkTp (14)

Equation (14) can be solved for nm as a function of measured pres-
sure Pm . Substituting this expression into Eq. (11) and recognizing
that mn2ou2

o is equal to twice the freestream dynamic pressure q 1
yields

Pm

2q 1
=

1

j {1 ¡
Pm

2 ( L r 12

2muo + Ï 2 p mkTp !
2 p m

kTp )
£ exp[ ¡ ( Pm

L r 12

2muo + Ï 2 p mkTp !
2p m

kTp ) ]} (15)
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Fig. 1 Comparison of front face scattering data from Wainwright and
Rogers3 with Eq. (17) for a constant C1 = 0.4 (error bars added to
re¯ ect uncertainty in reading data from original paper).

where the constant j is de® ned as

j ´
mu2

o

mu2
o + 1

2
uo Ï 2p mkTp

(16)

Discussion
The model as presented has some intriguing qualities. If we as-

sume that the depth of the collision sheath scales with a physical
length scale in the ¯ ow so that L/ k = K n ¡ 1 , Eq. (17) can be
compared directly with data obtained by Wainwright and Roger.3

Because the parameter L was only loosely de® ned, we are free to
insert a constant C1 in front of it as a free parameter and should
expect the value of the constant to be on the order of unity:

nm / n2o = 1 ¡ 1
2
(C1 L/ k )e ¡ (C1 L/ k ) (17)

Wainwright and Roger used impact probes of varying size and
with differentprobe face geometries to quantify the effect of molec-
ular scattering at transitionalKnudsen numbers. Figure 1 compares
Wainwright’s data with Eq. (17) for a value of C1 = 0.4, with
L equal to the diameter of the impact probe face. The agreement
between Eq. (17) and the data is excellent. The relative difference
between the two is less than 4%. The largest effect of intermolecular
collisions occurs expectedly in the regime of 0.5 < K n < 1. As
the Knudsen number further increases,and the ¯ ow approachesfree
molecular, the ratio of measured density to freestreamdensity tends
toward unity. This is expected because the molecules will no longer
scatter at such large relative mean free paths and the incident and
re¯ ected streams will move through each other unperturbed.
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Introduction

S HOCK waves formed within a gas-particle mixture have char-
acteristics different from the pure gas case. Decay of the shock

wave has been studied by a number of researchers applying differ-
ent numerical methods. Compared with theoretical investigations,
only a few experimental works are reported on the study of shock
wave attenuation.Sommerfeld and Gronig,1 Sommerfeld,2 and Igra
et al.3 conducted experiments on a vertical shock tube along with
numerical calculation. Olim et al.4 and Aizik et al.5 compared their
numericalresultswith the experimentalresultsof Sommerfeld.2 The
purpose of the present Note is to add more experimental results on
decayprocessof shockwaves in gas-particlemixturesinsidea shock
tube.

Details of Experiments
The experimentswere conductedwith a stainless steel horizontal

shock tube 50 mm in diameter and 6 m long. The driven section
is 4.5 m long and the diaphragms used were of aluminum foil. Di-
aphragms of different thicknesses from 0.05 to 0.25 mm were used.
Rupture of a diaphragm was accomplished with high pressure on
the driver side. A particle injection system was designed to produce
a uniform ¯ ow rate of particles fed into the driven section imme-
diately downstream of the diaphragm before each shock tube run.
The injection system consisted of an inlet system, a particle reser-
voir, a convergent-divergent(CD) nozzle, a mixing chamber, and an
exhaust system. The exit of the particle reservoir was placed in the
diverging portion of the CD nozzle, causing particles to get sucked
in by the low pressure created in the airstream when a suf® ciently
high-pressureair was fed into the inlet system. Particles were mixed
with air in the mixing chamber and the gas-particlemixture was fed
to the shock tube immediately after the diaphragm. The particles
used in the experiments were Ballotini spheriglass and precipitated
calciumcarbonatepowder.Particlematerialdensitieswere2500and
2790 kg/m3 , respectively.Both types of particles had size distribu-
tions and average particle sizes were determined using a Malvern
laser diffractionparticle sizer.Mean diameter for calciumcarbonate
powder was 6.9 l m and that of glass particles was 34.4 l m. Pho-
tomicrographs of the particles showed the shape of the particles to
be very nearly spherical.

Laser Light Extinction Technique
A beam of light from a continuouswave, He-Ne laser is made to

transverse the shock-tubetest section and to fall on a photodetector.
The intensity of the laser beam was measured before the start of
the gas-particleinjection as I0 . With the gas-particle ¯ ow in the test
section, the intensity is reduced to I , which is related to the initial
intensity by the Lambert±Beer equation as

I / I0 = exp( ¡ kq p) (1)

where k is a constant that includes the extinction coef® cient and
q p is the cloud density. In the present experiments, a pin photodi-
ode (PIN SPOT 8D, United Detector Technology) is employed as
a photodetector.The output voltage E of the photodiode is directly
proportional to the intensity of light incident on it. Hence, the ex-
pression of Beer’s law can be written as the ratio of the voltage
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